Modeling bianisotropic constitutive equations, i.e., magnetoelectric coupling, in electromagnetics simulation is increasingly important, in particular in metamaterials applications. This paper introduces for the first time such constitutive relationships in the framework of finite integration technique and, furthermore, does so by allowing full generality in the discretization through arbitrary polyhedral grids. The resulting formulation is consistent, stable, and preserves the thermodynamic properties of the bianisotropic constitutive equations because of the energetic approach used to construct the interpolating functions.
I. INTRODUCTION
T HE STUDY of bianisotropy, i.e., magnetoelectric coupling in the constitutive equations, has been gaining increasing attention in recent years due to the possibility of practically obtaining it through metamaterials [1] . Although the mathematical properties of such constitutive equations have been known for decades [2] , and the issue of the approximability of Maxwell equations in the presence of bianisotropic materials has been addressed in the finite element context [3] , no such investigations have been attempted in the framework of the finite integration technique (FIT). The purpose of this paper is to show how bianisotropic constitutive equations can be represented in FIT formulations by extending the energetic approach introduced in [5] . In this way, the benefits of FIT are extended to the case of bianisotropic materials: in particular the ability to straightforwardly achieve discretizations over generic polyhedral dual grids, which can be exploited in various situations [6] ; the feasibility of constructing material matrices transforming physical quantities associated to the dual grid into physical quantities associated to the primal grid, which can be exploited in some significant situations [7] .
II. DISCRETIZATION OF MAXWELL EQUATIONS
Maxwell equations in the frequency domain can be discretized by FIT [4] , as revised in [9] with particular emphasis to boundary terms. Hereafter, ω is the angular frequency and r is the position vector. Therefore, as usual, the spatial domain is discretized by a primal grid G and a dual gridG and integral electromagnetic quantities are introduced over the pair of dual grids G,G. Let e(ω) be the array of the circulations e i (ω), with i = 1, . . . n e , of the electric field E(r, ω) along the n e edges of G and let b(ω) be the array of the fluxes b i (ω), with i = 1, . . . , n f , of the magnetic induction B(r, ω) across the n f faces of G. In a similar way, letd(ω) be the array of the fluxesd i (ω), with i = 1, . . . nf , of the electric displacement D(r, ω) across the nf = n e faces ofG, letj(ω) be the array of the fluxesj i (ω), with i = 1, . . . nf , of the electric current density J(r, ω) across the nf faces ofG and leth(ω) be the array of the circulationsh i (ω), with i = 1, . . . , nẽ, of the magnetic field H(r, ω) along the nẽ= n f edges ofG.
In addition, as detailed in [9] , to discretize the electromagnetic problem over the boundary ∂ of , also the boundary ∂ is discretized by a primal grid Using the introduced variables, balance equations can be written as exact matrix equations. Faraday's equation takes the form
in which C is the n f × n e face-edge incidence matrix of the primal grid G. Similarly, Ampère-Maxwell's equation reads, according [9] Ch
in whichC = C T is the nf × nẽ face-edge incidence matrix ofG andC b is the nf × See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
Hereafter, admittance boundary conditions are assumed to be discretized by the energetic approach [10] , so that
in which M Y (ω) is a symmetric matrix. Constitutive relations are discretized in terms of equations relating the dofs e(ω), b(ω),d(ω),h(ω) introduced over the pair of dual grids G,G.
III. DISCRETIZATION OF BIANISOTROPIC CONSTITUTIVE EQUATIONS
The constitutive equations of a bianisotropic material can be written in the E − B formulation as follows:
The electric displacement D(r, ω) and the magnetic field H(r, ω) are obtained from the electric field E(r, ω) and the magnetic induction B(r, ω), by means of the tensorsε,ξ , ζ , andν, which depend on r and ω, as in the case of inhomogeneous and/or dispersive materials. If bothξ (r, ω) andζ (r, ω) are zero, the bianisotropic material modeled by (4) and (5) is a standard anisotropic material, characterized only by the two tensorsε(r, ω) andν(r, ω).
The energetic approach introduced in [5] for discretizing constitutive equations of anisotropic materials in FIT can be extended to bianisotropic materials as follows.
Let w i e (r), with i = 1, . . . n e , be the piecewise uniform vector functions introduced in [5] for tetrahedral grids and extended to polyhedral grids in [8] and [6] for approximating the electric field E(r, ω) from the circulations e i (ω), so that
First, the basis functions w i e (r) are such that, for each oriented
t(r) being the unit vector tangent to i . Second, within each volume k of G, with k = 1, . . . , n v , such basis functions allow to exactly represent uniform fields E(r, ω) by (6). Lastly they are such that
n(r) being the unit vector normal to face˜ i dual of edge i . Similarly, let w i f (r), with i = 1, . . . f , be the piece-wise uniform vector functions introduced in [5] for approximating the magnetic induction B(r, ω) from the fluxes b i (ω), so that
First, the basis functions w i f (r) are such that, for each oriented
n(r) being the unit vector normal to i . Second, within each volume k of G, with k = 1, . . . , n v , such basis functions allow to exactly represent uniform fields B(r, ω) by (9) . Finally, they are such that
t(r) being the unit vector tangent to edge˜ i dual of face i . Using these basis functions the following quantities can be computed:
which are the elements, respectively, of the n e × n e matrix M ε (ω), of the n e × n f matrix M ξ (ω), of the n f × n e matrix M ζ (ω) and of the n f × n f matrix M ν (ω). Matrices M ε (ω) and M ν (ω) have already been introduced for FIT in [5] , while matrices M ξ (ω) and M ζ (ω) are here introduced for the first time.
Thanks to the outlined geometric properties of the basis functions w i e (r) and w i f (r) the following result can be proven. Property 1: The equations
are FIT discretizations of the bianisotropic constitutive equations (4) and (5). They exactly transform the circulations of E(r, ω) along the edges of G and the fluxes of B(r, ω) across the faces of G into the fluxes of D(r, ω) across the faces of G and the circulations of H(r, ω) along the edges ofG, in the hypothesis that E(r, ω), B(r, ω), andε(r, ω),ξ (r, ω),ζ (r, ω), ν(r, ω) are uniform in each volume of G. Proof: In the specified hypothesis of uniform quantities within each volume k of G it can be written
in which (14) descends from (8) . Summing these equations over all values of k, (12) ensues after recalling the definitions of M ε (ω) and M ξ (ω). Similarly, it results in
in which (15) descends from (11) . Summing these equations over all values of k, (13) descends after recalling the definitions of M ζ (ω) and M ν (ω).
The discretized constitutive equations of bianisotropic materials are thus consistent extensions of the discretized constitutive equations of anisotropic materials within FIT. These equations preserve the reciprocity and energetic properties [8] of the bianisotropic constitutive equations (4) and (5). As outlined for simple electromagnetic media [8] , these properties are not only important on a physical ground, but also crucial in numerical analysis.
Property 2: The reciprocity property for bianisotropic media [11] is preserved in the discretization. That is
in which index 1 identifies the solution of the discretized electromagnetic problem and index 2 identifies the solution of the discretized complementary electromagnetic problem [11] , obtained by substitutingε,ξ ,ζ , andν, respectively, withε T , ζ T ,ξ T , andν T . In particular, for a reciprocal bianisotropic medium
Proof: From (12) and (13), the discrete constitutive equations for the two complementary problems arẽ
In addition, the discrete boundary conditions (3) hold for both complementary problems, so that it is
By multiplying (1) for problem 1 on the left byh T 2 (ω), multiplying (2) for problem 2 on the left by e T 1 (ω) and subtracting the two equations
In a similar way, by multiplying (1) for problem 2 on the left byh T 1 (ω), multiplying (2) for problem 1 on the left by e T 2 (ω) and subtracting the two equations
Comparing (18) with (19) and using (16) and (17), the thesis follows.
Property 3:
The energetic properties of bianisotropic media [11] are preserved in the discretization. That is
in which * is the complex conjugate transpose.
In particular for a bianisotropic medium, which is either active, passive, lossy or lossless [11] , the real part of the discrete inward flux of Poynting's vector, i.e., the left-hand side of (20), is ensured to be positive, nonpositive, negative, or zero, respectively. Equivalently, the matrix
is either positive definite, negative semidefinite, negative definite, or zero. Proof: As detailed in [9] , takingj = 0, the following discrete Poynting's theorem holds:
Then, (20) results from (12) and (13). The right-hand side of (20) can be written as
in which E(r, ω) and B(r, ω) are expressed by (6) and (9), respectively. Since matrix
is positive definite, negative semidefinite, negative definite, or zero depending on whether the bianisotropic medium is active, passive, lossy or lossless [11] the thesis follows. 
IV. BIANISOTROPIC FIT FORMULATION
As with anisotropic materials, also with bianisotropic materials, the discrete equations (1)- (3), (12), and (13) can be combined. In particular, substituting (12) and (13) into (2) ford(ω) andh(ω), and then substituting (1) in the obtained equation for b(ω) it can be written
which is an extension of the equations written in the sole discrete variable e for anisotropic materials. Equation (21) is suitable for applying the preconditioning and iterative methods already used in the case of anisotropic materials.
V. NUMERICAL EXAMPLE
The numerical example refers to the waveguide shown in Fig. 1 . Half of the waveguide is empty and half is filled with a lossless reciprocal bianisotropic material, having tensorsε andν of vacuum and
A T E 10 mode is applied at the input port, while at the output port a PEC condition is set. The waveguide is meshed with tetrahedra defining a primal grid G and a barycentric dual gridG is adopted. The discretization is made by the energetic approach to FIT using the basis functions of [5] . The susceptance Im(Y (ω)) at the input port of the structure has been evaluated by determining the flux of Poynting's vector across it. The results for two grids with 35 934 and 55 456 edges, are compared in Fig. 2 with an accurate FEM solution, as a function of κ. The construction and the solution of each system of equations over the finer grid, by the MATLAB direct solver, required about 5 s. The variation in storage requirements and computational times with respect to the case of isotropic materials is negligible. 
VI. CONCLUSION
In this paper, the energetic approach introduced in [5] and [6] for discretizing constitutive equations of simple electromagnetic media over generic polyhedral grids, has been extended to the case of bianisotropic media. The proposed approach has led to consistent equations, which preserve both the reciprocity and energetic properties of bianistropic constitutive relations. Accurate results have been achieved in a numerical application for a significant choice of the bianisotropic material.
